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ABSTRACT 12 

This study proposes a novel dual-piezoelectric-beam vibration energy harvester with a lever and repulsive magnets 13 

(DPBLM-VEH) for performance improvement. The DPBLM-VEH integrates the benefits of the dual-beam 14 

configuration, the leverage effect and the magnetic nonlinear behavior. First, a theoretical model of the DPBLM-VEH 15 

is developed. It is found that the energy harvester exhibits two resonances in the low-frequency band, where the high-16 

efficiency energy harvesting can be realized. A parametric study is then performed to understand the effects of various 17 

system parameters on the energy harvesting performance. Detailed design strategies in terms of tuning the lever length 18 

ratio, lever mass ratio, tip mass ratio and internal resistor towards system optimization have been proposed. 19 

Subsequently, an experimental study is conducted for validating the theoretical predictions. Experimental results show 20 

that compared to the conventional dual-piezoelectric-beam vibration energy harvester (DPB-VEH), introducing a 21 

lever (i.e., DPBL-VEH) can amplify the peak powers of the 1st and 2nd beams, respectively, by 225.8% and 134.1% 22 

around the second resonance. Similarly, the DPBLM-VEH with a further introduction of the magnetic nonlinearity 23 

can realize an amplification by 204.8% and 119.8% for the two beams. In addition, compared to the DPBL-VEH, the 24 

DPBLM-VEH can further broaden the effective bandwidths of the two beams by 98.0% and 50.6%, respectively. 25 

Therefore, we can conclude that due to the leverage effect and magnet-induced nonlinearity, the DPBLM-VEH can 26 

significantly enhance the energy conversion efficiency and broaden the operation bandwidth.  27 

Keywords: energy harvesting; dual piezoelectric beam; magnet-induced nonlinearity; lever 28 

1 Introduction 29 

Energy harvesting from ambient vibrations is a promising technology that can be applied in many 30 

industrial fields [1-5]. For example, the buoy vibration energy harvesters were proposed to transduce the 31 

low-frequency ocean wave vibration into electricity [6, 7]. The beam structure with a bluff body was 32 

investigated to harvest the flow-induced vibration under wind excitations [8-12], providing a new efficient 33 

way for wind electricity generation. The electromagnetic energy harvesters were used to harvest the 34 

vibrations induced by the railway cars [13, 14], vehicle suspension systems [15, 16], aerospace vehicles 35 

[17] and human motion [18, 19]. As a result, vibration energy harvesting has received significant research 36 

interests in recent decades.  37 
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Piezoelectric beam is a typical design of energy harvester that can convert structural vibrations into 38 

electrical energy using the piezoelectric effect mechanism [20-26]. A linear piezoelectric beam is only 39 

effective and can produce considerable power output in a very narrow band around its first-mode resonance 40 

[27]. Thus, to improve the energy harvesting performance of the piezoelectric beams (widening the 41 

bandwidth and/or increasing the power output), researchers introduced magnet-induced nonlinearity into 42 

the piezoelectric-beam energy harvesters [28-34]. Tran et al. [28] comprehensively reviewed a series of 43 

piezomagnetoelastic energy harvesters and arrived at the conclusion that magnet-induced nonlinearity has 44 

been widely utilized for enhancing vibration energy harvesting performance. For example, Erturk and 45 

Inman [29] investigated a bistable non-resonant piezomagnetoelastic energy harvester that consists of a 46 

ferromagnetic cantilever and two permanent magnets. Experiment results show that the power output of the 47 

magnet-induced nonlinear piezoelectric energy harvester is increased compared to the linear counterpart. 48 

Huang et al. [30] proposed a tri-stable piezoelectric beam vibration energy harvester using magnet-induced 49 

nonlinearity of multiple magnets. The results show that the tri-stable nonlinear energy harvester can 50 

generate higher energy output over a wider range of frequency than the linear one. Zhou et al. [31] utilized 51 

the magnet-induced nonlinearity to improve the electric power generation of a piezoelectric beam under 52 

random excitations. Cai and Harne [32] investigated the geometrical design optimization of a trapezoidal 53 

piezoelectric beam with magnet-induced nonlinearity, and found that the magnet-induced monostable 54 

nonlinearity is optimal for broadening the frequency range. Zou et al. [33] conducted performance 55 

comparison of three piezoelectric beams with different arrangements of the magnets. It has been found that 56 

a reasonable arrangement of multiple magnets can reduce the threshold excitation intensity for effective 57 

energy harvesting and increasing the generated power. Rezaei et al. [34] comprehensively investigated the 58 

magnetostatic nonlinearity for performance improvement of an acoustic piezoelectric energy harvester, 59 

which validated that the introduced magnetic restoring force can effectively broaden the acoustic energy 60 

harvesting bandwidth. These literatures corroborate that by appropriately adjusting the magnet-induced 61 

nonlinearity, the energy harvesting performance of the piezoelectric beams can be significantly enhanced.  62 

On the other hand, apart from the means of introducing magnet-induced nonlinearity, other researchers 63 

attempted to add degrees of freedom (DOF) to enhance the energy harvesting performance of the 64 

piezoelectric beam. Consequently, performance of the different types of dual-piezoelectric-beam vibration 65 

energy harvesters (DPB-VEH) were investigated [35-42]. For example, Hu et al. [35] theoretically 66 

predicted the advantages of a DPB-VEH with structural stoppers in not only widening the bandwidth but 67 

also increasing the power output. Xiong et al. [36] discovered that the 2:1 internal-resonance phenomenon 68 

can significantly widen the bandwidth of a nonlinear dual-piezoelectric-beam vibration energy harvester. 69 

Zhou et al. [37], Sun and Peter [38], Wu et al. [39, 40] corroborated that the dual-piezoelectric-beam 70 

structural configuration is beneficial to increasing the bandwidths of high vibration transmissibility (i.e., 71 

effective energy harvesting bandwidth) due to the dynamic couplings between the two beams. Xie et al. 72 

[41] presented a magnetically coupled asymmetric mono-stable dual-cantilever piezoelectric energy 73 

harvester. The dynamic coupling between the two beams improved the energy harvesting performance 74 

subjected to band-limited Gaussian white noise. It is seen that the dual-piezoelectric beam vibration energy 75 

harvester exhibits multiple resonance areas in a broad frequency band, where a large vibration 76 

transmissibility can be realized. Thus, the configuration of the dual-piezoelectric beam vibration energy 77 

Page 2 of 23AUTHOR SUBMITTED MANUSCRIPT - SMS-109794.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

A
cc

ep
te

d 
M

an
us

cr
ip

t



 

3 

` 

harvester improves the adaptability of harvesting the vibration energy at various frequencies (which may 78 

be far away from each other in the frequency domain). 79 

To further improve the vibration amplification in the resonance area of the dual-piezoelectric-beam 80 

vibration energy harvester, coupling a lever (which is constituted of a lever rod, supporting mass and pivot) 81 

may be an effective approach. The leverage effect can amplify the excitation, resulting in a vibration 82 

enhancement. Recently, the benefit of a lever for performance improvement of a single-degree-of-freedom 83 

(SDOF) energy harvester was validated by Wei and Jing [43] and the authors’ previous studies [44, 45]. It 84 

is discovered that the leverage effect introduces an amplification factor into the excitation term. Thus, the 85 

vibration can be amplified for energy harvesting performance improvement. Though the advantage of the 86 

lever for a SDOF energy harvester has been confirmed in Refs. [43-45], the benefit of the lever for a DPB-87 

VEH still remains unexplored. Since the DPB-VEH is a 2DOF structure (when only considering the 88 

fundamental mode of each beam) permitting energy exchange between the two DOFs, the DPB-VEH would 89 

exhibit very different dynamic behavior from the SDOF energy harvester coupled with a lever. As a result, 90 

it is worth investigating the potential of a lever for energy harvesting performance enhancement of the 91 

DPB-VEH. 92 

Enlightened by the advantages of the magnet-induced nonlinearity, dual-piezoelectric-beam structural 93 

configuration and lever, we are motivated to combine them together to propose a novel vibration energy 94 

harvester: dual-piezoelectric-beam vibration energy harvester with a lever and repulsive magnets (DPBLM-95 

VEH). The DPBLM-VEH consists of two piezoelectric beams placed in series, where the bottom beam is 96 

coupled with a lever structure and magnetostatic nonlinearity. The DPBLM-VEH intends to improve energy 97 

harvesting performance by broadening the effective energy harvesting bandwidth and intensifying the 98 

vibration response. The dual-beam configuration is a 2DOF structure when only considering the 99 

fundamental mode of each beam, and it thus forms two resonance modes. Both resonance modes can be 100 

employed for vibration energy harvesting, which broadens the operation bandwidth. The lever introduces 101 

tunable parameters to enhance the vibration response of the energy harvester by equivalently amplifying 102 

the excitation, yielding a higher energy harvesting efficiency. In addition, magnet-induced nonlinearity also 103 

broadens the effective bandwidth of the resonance area. To verify the advantages of integrating the dual-104 

piezoelectric-beam structural configuration, magnet-induced nonlinearity and lever, this study will perform 105 

comparative studies of the proposed DPBLM-VEH, the dual-piezoelectric-beam vibration energy harvester 106 

with only a lever (DPBL-VEH) and the DPB-VEH. Through the numerical and experimental studies, the 107 

design guideline of the DPBLM-VEH would be presented, which brings new design concepts of the 108 

piezoelectric-beam vibration energy harvester.  109 

The rest of the paper is organized as follows. Section 2 presents the schematic of the DPBLM-VEH, and 110 

formulates the governing equations of the DPBLM-VEH under base excitation. Subsequently, a numerical 111 

investigation of the DPBLM-VEH is performed in section 3, where the results of the other two counterparts 112 

(DPBL-VEH and DPB-VEH) are provided as well for comparison. To validate the numerical findings, an 113 

experimental study is conducted in section 4 to corroborate the numerically predicted design guidelines of 114 

the DPBLM-VEH and the comparison of the DPBLM-VEH with the other two counterparts. Finally, the 115 

main findings of this study are concluded in section 5. 116 
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2 Design concept and mathematical model 117 

2.1 Design concept and its potential applications 118 

Fig 1 (a) and (b) show the schematic and experimental prototype, respectively, of the dual-piezoelectric-119 

beam vibration energy harvester coupled with a lever and repulsive magnets (DPBLM-VEH). The DPBLM-120 

VEH is horizontally mounted on a machine which generates a base excitation. The DPBLM-VEH 121 

constitutes two piezoelectric beams (denoted as the 1st beam and 2nd beam, respectively) placed in serial. 122 

Each piezoelectric beam has a tip mass, i.e., 𝑚1 and 𝑚2. One magnet is mounted on the tip mass of the 1st 123 

beam, and the other magnet is mounted on the frame. The two magnets repulse each other to produce a 124 

nonlinear force. 𝑥 , 𝑦  are the tip displacements of the 1st and 2nd beams, respectively. The tip mass of the 125 

1st beam 𝑚1 connects a lever through a connecting bar. The connecting bar uses a rotational bearing to 126 

connect the tip mass, and a contact pair (which allows both rotational and sliding movements) to connect 127 

the lever rod. The connecting bar can coordinate the movements of both the beam tip mass and the lever 128 

rod. The details of this connecting bar mechanism have been described in the authors’ previous research 129 

[45]. The lever consists of a lever supporting mass 𝑚𝑎, a homogeneous lever rod (whose total mass and 130 

length are 𝑚𝑟 and 𝑙𝑟, respectively) and a pivot. The distances from the pivot to 𝑚1 and 𝑚𝑎 are 𝑙1 and 𝑙𝑎, 131 

respectively. Two piezoelectric transducers are attached on the roots of the 1st and 2nd beams to convert the 132 

structural vibration into electrical energy. Each piezoelectric transducer has an internal capacitance 𝐶𝑝 and 133 

an internal resistor 𝑅, where 𝑅 and 𝐶𝑝 are in parallel [46, 47]. 134 

When the repulsive magnets are removed, the prototype becomes a dual-piezoelectric-beam vibration 135 

energy harvester with only a lever (DPBL-VEH). If the lever is further removed, the prototype becomes a 136 

conventional dual-piezoelectric-beam vibration energy harvester (DPB-VEH). Both the DPBL-VEH and 137 

DPB-VEH are used as the counterparts for the following performance comparisons. 138 

 139 
Fig 1 (a) The schematic of the DPBLM-VEH and (b) The fabricated prototype. 140 

DPBLM-VEH is a type of mechanical vibration energy harvester, and it may have a wide application. 141 

For example, the DPBLM-VEH can be installed in a machine tool or used as a portable power generation 142 

device to harvest the vibration energy from the machine and human walking [3, 22]. Due to the various 143 

potential applications of the DPBLM-VEH, it is worth investigating its energy harvesting performance 144 

theoretically and experimentally. 145 

2.2 Governing equations 146 
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In this study, the lever rod is assumed to be rigid and sufficiently long compared to the transverse 147 

displacement of the tip mass 𝑚1. Hence, the lever rod’s elastic deformation and influence of the rotational 148 

angle (which lead to moving direction change of 𝑚1) are neglected. The following study assumes that the 149 

beams satisfy the planar Euler-Bernoulli beam theory, and considers only the transverse vibration. 150 

Assuming that 𝑚1 ,  𝑚2 , 𝑚𝑎  and 𝑚𝑟  are far greater than the masses of the beams and piezoelectric 151 

transducers, the masses of the beams and piezoelectric transducers can be neglected. Therefore, the total 152 

kinetic energy of the DPBLM-VEH under the base excitation is 153 

𝑇 =
1

2
𝑚1(𝑥̇ + 𝑧̇)2 +

1

2
𝑚2(𝑥̇ + 𝑦̇ + 𝑧̇)2 +

1

2
𝑚𝑎(𝛼𝑥̇ + 𝑧̇)2 +

1

2
𝑚𝑟 (

1

3
𝛼𝑟

2𝑥̇2 + 𝛼𝑟𝑥̇𝑧̇ + 𝑧̇2) (1) 154 

where ‘over-dot’ denotes derivative of the time 𝑡. 𝑧 is the displacement of the base excitation. 𝛼 is defined 155 

as the lever length ratio: 156 

 𝛼 =  𝑙𝑎/𝑙1      (2) 157 

 𝛼𝑟 is defined as the lever-rod length ratio: 158 

 𝛼𝑟 = 𝑙𝑟/𝑙1      (3) 159 

The potential energy of the DPBLM-VEH is  160 

𝑉 = ∑ {
1

2
𝐸𝐽𝑖 ∫ (𝑤𝑖

′′)2d𝑠
𝐿𝑖

0
− ∫ 𝜙𝑝𝑤𝑖

′′𝑣𝑖d𝑠
𝑠𝑝𝑖+𝐿𝑝𝑖

𝑠𝑝𝑖
−

1

2
𝐶𝑝𝑣𝑖

2}2
𝑖=1 + 𝑈𝑚𝑎𝑔(𝑥)           (4) 161 

where 𝑤𝑖(𝑠, 𝑡) (𝑖 = 1,2) is the deformation displacement of the ith beam at position 𝑠 and time 𝑡. ( )′′ 162 

represents second order of partial differential operator 𝜕2( )/𝜕𝑠2. 𝐸𝐽𝑖  is the bending stiffness of the ith 163 

piezoelectric beam, which is related to the Young’s modulus and the area moment of inertia of the 164 

composite structure of the beam and piezoelectric transducers. 𝜙𝑝 is the electro-mechanical transduction 165 

coefficient with respect to the piezoelectric constant and the piezoelectric transducer volume [47]. 𝑈𝑚𝑎𝑔(𝑥) 166 

is the potential energy of the repulsive magnets based on the dipole-dipole model, which satisfies [48, 49] 167 

∂𝑈𝑚𝑎𝑔(𝑥)

∂𝑥
= −3𝐻𝑥(𝑥2 + 𝛥2)−

5

2      (5) 168 

where 𝛥 is the distance between the magnetic pole centers of the two magnets. 𝐻 is the magnet feature 169 

parameter with respect to the free permeability and magnetic pole strength of the magnets. By reducing the 170 

distance 𝛥, the beam will be subjected to a stronger buckling force.  171 

In this paper, the fundamental modes of both the beams are dominant and the investigated frequency is 172 

significantly smaller than the second-mode natural frequencies of both beams. This is a frequently used 173 

assumption in study of the harvester with coupled beams for exploration of the fundamental dynamic 174 

behaviors of the system according to [35, 36, 41, 42, 49], when the second-mode natural frequency of each 175 

beam is far greater than the investigated low frequency band. As a result, 𝑤𝑖(𝑠, 𝑡) can be approximately 176 

expressed as follows, 177 

𝑤𝑖(𝑠, 𝑡) ≈ 𝜓𝑖(𝑠)𝑞𝑖(𝑡)      (6) 178 

where 𝜓𝑖(𝑠), 𝑞𝑖(𝑡) (𝑖 = 1,2) are the fundamental mode shape function and coordinate of the ith beam, 179 

respectively. Therefore, 𝑤1(𝑠, 𝑡) = 𝜆1(𝑠)𝑥  and 𝑤2(𝑠, 𝑡) = 𝜆2(𝑠)𝑦 , where 𝜆𝑖 = 𝜓𝑖(𝑠)/𝜓𝑖(𝑙𝑖)  (𝑖 = 1,2) . 180 

Note that 𝜆𝑖 ≤ 1 for the fundamental-mode vibration of the ith beam. By substituting 𝑤1(𝑠, 𝑡) = 𝜆1(𝑠)𝑥 and 181 

𝑤2(𝑠, 𝑡) = 𝜆2(𝑠)𝑦 into Eq. (3), the potential energy can be rewritten as follows, 182 

𝑉 =
1

2
𝑘1𝑥2 +

1

2
𝑘2𝑦2 − 𝛩1𝑥𝑣1 − 𝛩2𝑦𝑣2 −

1

2
𝐶𝑝𝑣1

2 −
1

2
𝐶𝑝𝑣2

2 + 𝑈𝑚𝑎𝑔(𝑥)  (7) 183 

where 184 
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𝑘𝑖 = 𝐸𝐽𝑖 ∫ (𝜆𝑖
′′)2d𝑠

𝑙𝑖

0
     (8) 185 

𝛩𝑖 = ∫ 𝜙𝑝
𝑠𝑝𝑖+𝑙𝑝𝑖

𝑠𝑝1
𝜆𝑖

′′d𝑠     (9) 186 

Assuming that 𝑑𝑖 (𝑖 = 1,2) is the equivalent damping coefficient of the fundamental-mode vibration of 187 

the ith beam, and applying Euler–Lagrange equation, the governing equations of the DPBLM-VEH under 188 

the base excitation are derived. 189 

(𝑚1 + 𝑚2 + 𝑚𝑎𝛼2 +
1

3
𝑚𝑟𝛼𝑟

2) 𝑥̈ + 𝑚2𝑦̈ + 𝑑1𝑥̇ + 𝑘1𝑥 − 3𝐻𝑥(𝑥2 + 𝛥2)−
5

2 − 𝛩1𝑣1   190 

= − (𝑚1 + 𝑚2 + 𝑚𝑎𝛼 +
1

2
𝑚𝑟𝛼𝑟) 𝑧̈    (10) 191 

𝑚2(𝑥̈ + 𝑦̈) + 𝑑2𝑦̇ + 𝑘2𝑦 − 𝛩2𝑣2 = −𝑚2𝑧̈    (11) 192 

where z is the base displacement. The voltage outputs of the piezoelectric transducers satisfy 193 

𝐶𝑝𝑣̇1 = −𝛩1𝑥̇ −
𝑣1

𝑅
      (12) 194 

𝐶𝑝𝑣̇2 = −𝛩2𝑦̇ −
𝑣2

𝑅
      (13) 195 

It can be seen that 𝛩𝑖 (𝑖 = 1,2) are the electromechanical coupling factors, which are only related to the 196 

natural characteristics of the piezoelectric transducers and the fundamental-mode shape function 𝜆𝑖 =197 

𝜓𝑖(𝑠)/𝜓𝑖(𝑙𝑖). As a result, once the piezoelectric beam is manufactured, the parameter 𝛩𝑖 is fixed. Usually, 198 

based on the Eqs. (12) and (13), 𝛩𝑖 is identified through experiment by measuring the vibration of the beam 199 

(e.g. 𝑥̇) and the open circuit voltage (e.g. 𝑣1, when 𝑅 = ∞).  200 

 201 

Table 1 Normalized parameters and their definitions of the DPBLM-VEH 202 

Parameter Symbol Definition Parameter Symbol Definition 

Lever length 

ratio 
𝛼 𝑙𝑎/𝑙1 

Normalized magnet 

feature parameter 
𝛽 𝐻/𝑚1 

Lever-rod 

length ratio 
𝛼𝑟 𝑙/𝑙1 1st beam loss factor 𝜂1 𝑑1/√𝑚1𝑘1 

Lever mass 

ratio 
𝜇𝑎 𝑚𝑎/𝑚1 2nd beam loss factor 𝜂2 𝑑2/√𝑚2𝑘2 

Tip mass ratio 𝜇𝑠 𝑚2/𝑚1 
1st beam characteristic 

frequency 𝜔 √𝑘1/𝑚1 

Lever-rod mass 

ratio 
𝜇𝑟 𝑚𝑟/𝑚1 1st Piezoelectric factor 𝜃1 𝛩1/𝑚1 

Beam stiffness 

ratio 
𝑓 𝑘2/𝑘1 2nd Piezoelectric factor 𝜃2 𝛩2/𝑚2 

 203 

Note that according to Eq. (10), changing 𝛥 will significantly influence the system nonlinearity. The 204 

restoring force of the 1st beam is 𝑘1𝑥 − 3𝐻𝑥(𝑥2 + 𝛥2)−
5

2, and it shows that the system will exhibit mono-205 

stable nonlinearity (i.e., the stable static equilibrium is 𝑥 = 0) if 𝛥 ≥ (𝑘1 3𝐻⁄ )−
1

5. 206 

Eqs. (10) and (11) can be normalized as follows, where the normalized parameters and their definitions 207 

are listed in Table 1.  208 

 209 

Page 6 of 23AUTHOR SUBMITTED MANUSCRIPT - SMS-109794.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

A
cc

ep
te

d 
M

an
us

cr
ip

t



 

7 

` 

(1 + 𝜇𝑠 + 𝜇𝑎𝛼2 +
1

3
𝜇𝑟𝛼𝑟

2) 𝑥̈ + 𝜇𝑠𝑦̈ + 𝜂1𝜔𝑥̇ + 𝜔2𝑥 − 3𝛽𝑥(𝑥2 + 𝛥2)−
5

2 − 𝜃1𝑣1   210 

= − (1 + 𝜇𝑠 + 𝜇𝑎𝛼 +
1

2
𝜇𝑟𝛼𝑟) 𝑧̈     (14) 211 

𝜇𝑠(𝑥̈ + 𝑦̈) + 𝜂2√𝜇𝑠𝑓𝜔𝑦̇ + 𝑓𝜔2𝑦 − 𝜇𝑠𝜃2𝑣2 = −𝜇𝑠𝑧̈   (15) 212 

3 Numerical simulation and results discussion 213 

In this section, numerical simulations of Eqs. (12-15) under harmonic sweeping excitation are performed 214 

to demonstrate the performance enhancement of the DPBLM-VEH and reveal its dynamic behaviors. The 215 

4th order Runge-Kutta algorithm in Matlab software is used for the following numerical simulation.  216 

3.1 Performance comparison 217 

Two other energy harvesters are selected for performance comparison with the proposed DPBLM-VEH. 218 

They are dual-piezoelectric-beam vibration energy harvester coupled with only a lever (DPBL-VEH) and 219 

dual-piezoelectric-beam vibration energy harvester (DPB-VEH). The DPBL-VEH is realized by removing 220 

the repulsive magnets, i.e., 𝛽 = 0. The DPB-VEH is implemented by further removing the lever, i.e., 221 

[𝜇𝑎 , 𝜇𝑟 , 𝛼, 𝛼𝑟] = 0. Table 2 lists the values of the simulation parameters, which are the rounded values close 222 

to the experimental prototype. By substituting the values into Eqs. (12-15) and letting all the derivatives 223 

with respect to time be zero, it is found that the static equilibrium positions are 𝑥 = 0 and 𝑦 = 0. Therefore, 224 

the DPBLM-VEH exhibits monostable nonlinearity. In the following simulations, the excitation 𝑧̈  is 225 

applied as a harmonic swept excitation with a constant acceleration amplitude of 6 m/s2 and a sweeping 226 

speed of 0.001 Hz/s.  227 

Table 2 Values of the simulation parameters 228 

𝑚1, kg 𝛼 𝛼𝑟 𝜇𝑎 𝜇𝑠 𝜇𝑟 

0.08 0.6 1.2 2.0 1.1 0.3 

𝑓 𝜂1 𝜂2 𝜔, rad 𝛽, 𝛥, m 

0.6 0.012 0.008 24π 2 × 10−8 0.01 

𝜃1, N/V 𝜃2, N/V 𝐶𝑝, 𝑛F 𝑅, Ω   

1.3 × 10−5 1.7 × 10−5 26 106   

Since forward harmonic sweeping excitation can easily activate the high-energy orbit responses of a 229 

nonlinear system that are beneficial to vibration energy harvesting [4, 5], the following simulation figures 230 

only present the results subjected to the forward sweeping excitation. The amplitudes of the voltage outputs 231 

𝑣1  and 𝑣2 reflect the energy harvesting performance of the 1st and 2nd beams, respectively. Conventionally, 232 

the bandwidth is defined as the width of the frequency where the energy can be collected effectively. In this 233 

study, the effective bandwidth of the energy harvesting is defined as the frequency band where the voltage 234 

output is beyond 25% of the maximum value of the three harvesters’ resonance peaks. 235 

Fig 2 presents the voltage outputs of the 1st and 2nd beams of the DPBLM-VEH, DPBL-VEH and DPB-236 

VEH under the forward harmonic sweeping excitation from 2 to 19 Hz. The curves in the figures are the 237 

envelopes of the voltage outputs. Obviously, a larger value of the voltage output indicates a better energy 238 

harvesting performance. As shown in Fig 2 (a) and (c), the three energy harvesters exhibit two resonance 239 
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peaks due to the 2DOFs configuration, where the largest voltage outputs 𝑣1 and 𝑣2 are obtained. It should 240 

be noted that the first and second resonance in the following results have the different meanings from the 241 

modal resonant frequencies of each beam. In this study, while only the fundamental mode of each beam is 242 

considered to obtain the lumped-mass model, due to different beam configurations, the two lumped-mass 243 

models of both the beams form a two-degree-of-freedom dynamic system with different resonances as 244 

shown in governing equations Eqs. (14) and (15). Therefore, the results show the two resonance areas. 245 

Results show that the first resonance peak is significantly larger than the second resonance peak for the 246 

1st beam, while the voltage outputs of the first and second resonance peaks are much closer for the 2nd beam. 247 

Compared to the DPB-VEH, the first-resonance-peak voltage outputs of the 1st beam of the DPBLM-VEH 248 

and DPBL-VEH are significantly increased, while the first-resonance-peak voltage outputs of the 2nd beam 249 

are similar. This indicates that the lever is beneficial to enhancing the overall energy harvesting performance 250 

of both beams. It can be found that the enhancement of the performance is much pronounced for the second 251 

resonance due to the lever and magnet-induced nonlinearity, as shown in Fig 2 (b) and (d) which present 252 

the results of the second resonance in detail. For the three harvesters, the maximum values of the second-253 

resonance peaks of the 1st and 2nd beams are 16.24 V and 41.65 V, respectively. Thus, the threshold voltages 254 

of defined effective bandwidth of the two beams are 4.06 V and 10.41 V(25% × 16.24 V and 25% ×255 

41.65 V), respectively. The results of the second resonance area of the three harvesters are summarized in 256 

Table 3. Compared to the DPB-VEH, the second-resonance peak voltage outputs of the 1st and 2nd beams 257 

of the DPBLM-VEH are 15.69 V and 39.67 V, respectively, which are amplified by 99.9% and 170.8%. 258 

The second-resonance peak voltage outputs of the 1st and 2nd beams of the DPBL-VEH are 16.24 V and 259 

41.65 V, respectively, which are amplified by 106.9% and 184.3%. The results indicate that integrating the 260 

lever into the DPB-VEH can significantly enhance the energy harvesting performance of the second 261 

resonance. By comparing the DPBLM-VEH and DPBL-VEH, it is found that though the second-resonance 262 

peak voltage outputs of both the harvesters are similar, the effective bandwidths of 1st and 2nd beams of the 263 

DPBLM-VEH are significantly larger. That is, the effective bandwidths of 1st and 2nd beams of the DPBLM-264 

VEH (12.09~12.91 Hz and 11.95~12.91 Hz) are broadened by 36.7% and 57.3%, respectively, compared 265 

to the bandwidths of the DPBL-VEH (12.59~13.19 Hz and 12.55~13.16 Hz). Therefore, the results prove 266 

that the magnet-induced nonlinearity can further improve the energy harvesting performance by broadening 267 

the effective bandwidth. Overall, the simulation results verify the advantage of the lever and magnet-268 

induced nonlinearity for performance enhancement. 269 
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 270 
Fig 2 The voltage outputs of the DPBLM-VEH, DPBL-VEH and DPB-VEH: (a) the 1st beam; (b) the second 271 

resonance area of the 1st beam; (c) the 2nd beam; (d) the second resonance area of the 2nd beam. 272 

Table 3 Summarized numerical results of the second resonance in Fig 2 273 

Harvester Beam number Peak voltage Effective bandwidth 

DPBLM 
1st beam 15.69 V 12.09~12.91 Hz 

2nd beam 39.67 V 11.95~12.91 Hz 

DPBL 
1st beam 16.24 V 12.59~13.19 Hz 

2nd beam 41.65 V 12.55~13.16 Hz 

DPB 
1st beam 7.85 V 16.13~16.55 Hz 

2nd beam 14.65 V 16.20~16.43 Hz 

 274 

To understand the dynamic behaviors of the DPBLM-VEH around the second resonance, Fig 3 and Fig 275 

4 present the dynamic responses of the 1st and 2nd beams at 12.8 Hz (the frequency close to the second 276 

resonance peak) and 13.0 Hz (the frequency where bifurcation occurs), respectively. From left to right, the 277 

three figures present the displacement response of the tip mass, the phase plot, and the fast Fourier transform 278 

(FFT) of the displacement response, respectively. As shown in Fig 3, for the 1st beam, at the excitation 279 

frequency 𝜔0 = 12.8 Hz, the DPBLM-VEH exhibits a fundamental-periodic response, where the phase 280 
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plot has a single closed loop and the FFT plot has only a single dominant frequency that equals to the 281 

excitation frequency. However, at the excitation frequency 𝜔0 = 13.0 Hz, the DPBLM-VEH shows a 282 

multi-periodic response which is a typical nonlinear dynamic behavior. It is noted that multiple closed loops 283 

are found in the phase plot, and the FFT plot shows multiple spectrum lines: 3/11 𝜔0, 4/11𝜔0,10/11𝜔0 and 284 

𝜔0, where 4/11𝜔0 and 𝜔0 are dominant.  285 

 286 
Fig 3 Dynamic responses of the 1st beam of the DPBLM-VEH at 12.8 (the top row) and 13.0 Hz (the bottom 287 

row). From left to right: (a) and (d), time series plots of the tip mass deformation displacement 𝑥; (b) and (e), phase 288 
plots of 𝑥 and 𝑥̇; (c) and (f) FFT plots of 𝑥. 289 

Fig 4 shows that for the 2nd beam, the DPBLM-VEH also exhibits fundamental-periodic response at the 290 

excitation frequency 𝜔0 = 12.8 Hz, and multi-periodic response at 𝜔0 = 13.0 Hz. However, the multi-291 

periodic response of the 2nd beam is quite distinct from that of the 1st beam at 𝜔0 = 13.0 Hz. Three spectrum 292 

lines are found in the FFT plot: 4/11𝜔0, 10/11𝜔0 and 𝜔0. The sub-harmonic component 3/11𝜔0 vanishes. 293 

It can be observed in Fig 3 and Fig 4 that for both the beams, when the excitation frequency is slightly 294 

greater than the frequency of the second-resonance peak, the dynamic behavior of the DPBLM-VEH 295 

changes tremendously (i.e., bifurcation). 296 
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 297 
Fig 4 Dynamic responses of the 2nd beam of the DPBLM-VEH at 12.8 (the top row) and 13.0 Hz (the bottom 298 

row). From left to right: (a) and (d), time series plots of the tip mass deformation displacement 𝑦; (b) and (e), phase 299 
plots of 𝑦 and 𝑦̇; (c) and (f) FFT plots of 𝑦. 300 

3.2 Parametric study 301 

To give an in-depth insight into effective design of the DPBLM-VEH, a parametric study on the second 302 

resonance area is conducted to investigate the effects of various system parameters (namely, lever length 303 

ratio 𝛼, lever mass ratio 𝜇𝑎, tip mass ratio 𝜇𝑠, and internal resistor R) on the energy harvesting performance. 304 

In the following parametric studies, when one parameter is tuned, the others are retained as the values in 305 

Table 2. 306 

3.2.1 Lever length ratio 𝛼 307 

According to Eqs. (14) and (15), tuning the lever length ratio α (i.e., changing the position of lever 308 

supporting mass 𝑚𝑎) can vary the inertia and excitation terms, leading to the variation of the dynamic 309 

response. Results show that increasing the lever length ratio 𝛼 moves both the resonance area towards the 310 

low frequency band, and variation of 𝛼  influences the position of the second resonance area more 311 

significantly. Particularly, Fig 5 (b) and (d) show the second resonance voltage outputs from the 1st and 2nd 312 

beams of the DPBLM-VEH corresponding to different lever length ratios 𝛼. Based on the definition of 𝛼 313 

in Table 1 and the geometry in Fig 1, increasing lever length ratio 𝛼 indicates that 𝑚𝑎 is moving away from 314 

the pivot. As shown in Fig 5, for both the 1st and 2nd beams, the second resonance moves to the low 315 

frequency area with the increase of 𝛼. The second-resonance peak voltage output rises along with increasing 316 

𝛼 for 0 < 𝛼 ≤ 0.7, whereas it decreases along with increasing 𝛼 for 0.7 < 𝛼 ≤ 0.9. This indicates that the 317 

largest voltage output (most efficient energy harvesting) can be achieved by arranging the lever supporting 318 

mass near the middle position between the lever pivot and connecting bar. 319 
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 320 
Fig 5 Voltage outputs of the (a)-(b) 1st beam and (c)-(d) 2nd beam of the DPBLM-VEH corresponding to 321 

different lever length ratios 𝛼. 322 

3.2.2 Lever mass ratio 𝜇𝑎 323 

Fig 6 shows voltage outputs of the 1st and 2nd beams of the DPBLM-VEH corresponding to different 324 

lever mass ratios 𝜇𝑎. Similar to variation of the lever length ratio 𝛼, increasing the lever mass ratio 𝜇𝑎 325 

affects the position of the second resonance area more significantly, compared to the first resonance area. 326 

It can be found that for both the beams, corresponding to increase of the lever mass ratio 𝜇𝑎, both the first 327 

and second resonances move towards the low frequency area, and the resonance peak voltage outputs 328 

increase. For example, the second-resonance peak voltages of the 1st and 2nd beams for 𝜇𝑎 = 3.0 are 329 

increased by 42% and 92%, respectively, compared to 𝜇𝑎 = 1.0 . This suggests that choosing an 330 

appropriately large 𝜇𝑎 is beneficial to energy harvesting performance enhancement. 331 
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 332 
Fig 6 Voltage outputs of the (a)-(b) 1st beam and (c)-(d) 2nd beam of the DPBLM-VEH corresponding to 333 

different lever mass ratios 𝜇𝑎. 334 

3.2.3 Tip mass ratio 𝜇𝑠 335 

Fig 7 presents the voltage outputs of the 1st and 2nd beams of the DPBLM-VEH corresponding to different 336 

tip mass ratios 𝜇𝑠. It is seen that both the first and second resonance areas move towards the low frequency 337 

band for the larger tip mass ratio 𝜇𝑠, and increasing 𝜇𝑠 enhances the first-resonance peaks of both the 1st 338 

and 2nd beams. However, different variation trends of the second-resonance peaks of both the beams are 339 

observed. Corresponding to the increase of the tip mass ratio 𝜇𝑠, the second-resonance peak voltage of the 340 

1st beam rises, whereas the peak voltage of the 2nd beam declines. Thus, the results imply that certain trade-341 

off should be considered for enhancement of the overall performance when selecting the value of the tip 342 

mass ratio.  343 
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 344 
Fig 7 Voltage outputs of the (a)-(b) 1st beam and (c)-(d) 2nd beam of the DPBLM-VEH corresponding to 345 

different tip mass ratio 𝜇𝑠 346 

3.2.4 Internal resistor R 347 

Fig 8 presents the voltage outputs of the 1st and 2nd beams of the DPBLM-VEH corresponding to different 348 

internal resistors R. It can be found that for both the beams, when increasing R, the positions of the first and 349 

second resonance areas are not changed, whereas the peak voltage outputs increase. Particularly in the 350 

second resonance area as shown in Fig 8 (b) and (d), the peak voltage of 𝑅 = 0.5 MΩ is significantly higher 351 

than that of 𝑅 = 0.1  MΩ. Although 𝑅 = 5  MΩ is also five times of 𝑅 = 1  MΩ, the peak voltage 352 

improvement is not as significant as the improvement of increasing 𝑅 = 0.1 MΩ to 𝑅 = 0.5 MΩ. This 353 

indicates that benefit of increasing 𝑅 for voltage improvement becomes weak. Note that, the output power 354 

is defined as square of voltage output divided by the resistor 𝑅. On the perspective of the output power, the 355 

total output powers of both the beams corresponding to the second resonance peak are calculated: 1.318 356 

mW for R = 0.1 MΩ, 2.867 mW for R = 0.5 MΩ, 1.572 mW for R = 1MΩ, 0.506 mW for R = 5 MΩ, and 357 

0.278 mw for R = 10 MΩ. Hence, R = 0.5 MΩ can lead to the optimal energy harvesting in the second 358 

resonance area among the five selected resistors with respect to the given structural parameters. 359 
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 360 
Fig 8 Voltage outputs of the (a)-(b) 1st beam and (c)-(d) 2nd beam of the DPBLM-VEH corresponding to 361 

different internal resistor R 362 

4 Experimental validation 363 

To validate the theoretical findings, this section performs the experimental investigation of a prototype 364 

of the DPBLM-VEH in Fig 1(b), including performance comparison and parametric studies.  365 

4.1 Experimental setup 366 

Fig 9 presents the experimental setup to test the performance of the DPBLM-VEH. Two identical 367 

piezoelectric transducers (material: PZT-5) are attached on the 1st and 2nd beams to convert the vibration 368 

into the electrical energy. The DPBLM-VEH is mounted on an electromagnetic shaker, which can produce 369 

up to 100 m/s2 acceleration excitation with a frequency resolution of 0.025 Hz. An accelerometer 370 

(sensitivity: 0.2 V/(m/s2) ) is mounted on the shaker to measure the excitation acceleration. 24-bit 371 

acquisition card NI 4497 of the NI PXIE 1082 chassis is used to acquire the output signals from the 372 

accelerometer and piezoelectric transducers. 16-bit DA card NI 6738 of the chassis is used to output the 373 

excitation signal to drive the electromagnetic shaker. Since the original voltage outputs of the piezoelectric 374 

transducers are greater than 12 V, which surpasses the limitation of the acquisition card’s input range, a 375 

signal attenuator (attenuation of 10:1, internal resistor: 20 MΩ) is applied to preprocess the voltage signals 376 

of both the piezoelectric transducers.  377 

The parameters of the piezoelectric transducers are: the capacitance is 𝐶𝑝= 26 nF, and the internal 378 

resistance is 𝑅 =1 MΩ, which is much smaller than the resistor of the signal attenuator. As a result, the total 379 
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equivalent resistor load (i.e. the parallel resistance) is approximately 1 MΩ. The geometrical parameters of 380 

each piezoelectric transducer are 30×10×0.4 mm3. The material of the two beams is China 65Mn GBT 381 

structural steel, and the geometrical parameters of the 1st and 2nd beams are 160×19×1.4 mm3  and 382 

160×19×1.1 mm3, respectively. The tip masses of the 1st and 2nd beams are 𝑚1 = 0.079 kg, 𝑚2 = 0.083 383 

kg, respectively. The mass of the lever rod is 𝑚𝑟 = 0.023 kg, and its total length is 𝑙𝑟 = 192 mm. The 384 

distance of the surfaces of the two repulsive magnets is tuned to be 4.5 mm, and the mutually repulsive 385 

magnets produce a magnetic repulsion force that results in only one stable equilibrium position, i.e., 386 

monostable nonlinearity. For verification of the parametric study in Section 3.2, three values of the lever 387 

supporting mass are selected: 𝑚𝑎 = [0.080, 0.111, 0.157] kg, leading to three different lever mass ratios 388 

𝜇𝑎 =[1.01, 1.40, 1.98]. Three positions of the lever supporting mass on the lever rod are selected, which 389 

approximately leads to the three lever length ratios 𝛼 ≈ [0.4, 0.6, 0.8].  390 

 391 
Fig 9 The experimental process 392 

4.2 Results discussion 393 

In the experiment, the accelerometer shows that the average excitation acceleration amplitude of the 394 

shaker is 6 m/s2. In the beginning, the shaker provides swept harmonic acceleration excitation from 2~19 395 

Hz, with a sweeping speed of 0.025 Hz/s. It is observed that the DPBLM-VEH exhibits two resonance areas, 396 

where the first resonance area is approximately in 3~6 Hz and the second resonance area is in 10~16 Hz. 397 

However, the vibration displacements of both the beams in the first resonance area are tremendous, and 398 

thus the generated voltages in the first resonance area exceed the measurement limitation. On the other 399 

hand, the tremendous vibration in the first resonance area will cause the harvester to frequently strike the 400 

displacement constraint of the experimental setup. Therefore, the experimental data in the first resonance 401 

area are unable to be used for validation due to the limitation of the experimental setup. Moreover, the 402 

tremendous vibration of the harvester in the first resonance area generates the significant counter force on 403 

the shaker, which is harmful to the shaker for long-term repeatable experiment. As a result, this section 404 

only presents the experimental results in the second resonance area for verification of the numerical findings. 405 

Fig 10 (a) and (b) present the second-resonance voltage outputs of the 1st and 2nd beams of the DPBLM-406 

VEH under forward and backward harmonic sweeping excitations in 7~19 Hz, respectively. In this figure, 407 

lever mass ratio 𝜇𝑎 = 1.98  and lever length ratio 𝛼 ≈ 0.6 . Other structural parameters are identified 408 

through the free attenuation method, which are close to the parameters for the simulation in Table 2. It can 409 

be seen that the voltage outputs of both the beams under the forward harmonic sweeping excitation are 410 

larger than those under backward sweeping excitation. This demonstrates that forward harmonic sweeping 411 
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excitation can activate the high-energy orbit responses which are beneficial to energy harvesting. Therefore, 412 

the following figures only present the second-resonance experimental results of the 1st and 2nd beams.  413 

 414 
Fig 10 The experimentally measured voltage outputs of the DPBLM-VEH under forward and backward 415 

harmonic sweeping excitations in 7~19 Hz covering the second resonance: (a) the 1st beam and (b) 2nd beam. 416 

4.2.1 Performance comparison 417 

Fig 11 (a) and (b) present the voltage outputs of the 1st and 2nd beams of the DPBLM-VEH, DPBL-VEH 418 

and DPB-VEH in 7~19 Hz covering the second resonance area, respectively. The results show that for the 419 

two beams, both the DPBLM-VEH and DPBL-VEH outperform the DPB-VEH in the resonance peak 420 

voltage output, and the DPBLM-VEH has a wider effective bandwidth than the DPBL-VEH. Take the 1st 421 

beam as an example, the second-resonance peak voltage output of the DPBLM-VEH is 13.69 V, and the 422 

peak voltage output of the DPBL-VEH is 14.11 V. Both of them are significantly larger than that of the 423 

DPB-VEH (7.88 V). The effective bandwidth (where the voltage output is over 25% of the maximum peak 424 

voltages of the three harvesters) of the DPBLM-VEH is 11.52~14.49 Hz, which is wider than that of the 425 

DPBL-VEH (14.33~15.83 Hz). Comparing the experimental data in Fig 11 and numerical results in Fig 2 426 

(b) and (d), it is seen that both the results validate the advantage of the lever mechanism for enhancing the 427 

second-resonance peak voltage and the benefit of the magnet-induced nonlinearity for broadening the 428 

bandwidth. Note that there exist some discrepancies between the numerical and experimental results for the 429 

DPBLM-VEH and DPBL-VEH. The discrepancies can be interpreted as follows. In the experiment, the 430 

lever’s pivot and connecting bar bring the additional friction into DPBLM-VEH and DPBL-VEH, which 431 

degrades the second resonance peak. On the other hand, as shown in Fig 1 (b), the connecting bar’s contact 432 

pair can slide along the lever rod during vibration. This unmodeled sliding motion may also bring the 433 

discrepancy between the experimental and numerical results. Regardless of the discrepancies, both the 434 

experimental and numerical results are in good agreement, which verifies the theoretical findings. 435 
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 436 
Fig 11 The experimentally measured voltage outputs of the DPBLM-VEH, DPBL-VEH and DPB-VEH in 7~19 437 

Hz covering the second resonance area: (a) the 1st beam and (b) 2nd beam 438 
Fig 12 (a) and (b) present the estimated power outputs of the 1st and 2nd beams of the DPBLM-VEH, 439 

DPBL-VEH and DPB-VEH in 7~19 Hz, respectively. Since the attenuator is a circuit board, each channel 440 

of which consists of a resistor 𝑅 ≈ 1 MΩ (measured by the ohm gauge), the power outputs can be calculated 441 

by 𝑃1 = 𝑣1
2 𝑅1⁄  and 𝑃2 = 𝑣2

2 𝑅2⁄ . Based on the results in Fig 11 and Fig 12, Table 4 summarizes the second-442 

resonance peak voltage outputs, power outputs and effective bandwidths of the 1st and 2nd beams of the 443 

DPBLM-VEH and DPBL-VEH. It can be found that compared to the DPB-VEH, the DPBL-VEH can 444 

amplify the second-resonance peak powers of the 1st and 2nd beams respectively by 225.8% and 134.1%, 445 

whereas the DPBLM-VEH can amplify the second-resonance peak power outputs respectively by 204.8% 446 

and 119.8%. In addition, DPBLM-VEH can further broaden the effective bandwidths of both the beams by 447 

98.0% and 50.6%, respectively, compared to the DPBL-VEH which does not have the magnet-induced 448 

nonlinearity.  449 

 450 
Fig 12 The estimated power outputs of the DPBLM-VEH, DPBL-VEH and DPB-VEH in 7~19 Hz covering the 451 

second resonance area: (a) the 1st beam and (b) 2nd beam 452 
 453 

 454 

 455 

 456 

 457 

 458 
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Table 4 Summarized results of the second resonance area in the experiments  459 

Harvester Beam number Peak voltage Effective bandwidth Peak power 

DPBLM 
1st beam 13.69 V 11.52~14.49 Hz 0.189 mW 

2nd beam 21.61 V 10.86~14.52 Hz 0.477 mW 

DPBL 
1st beam 14.11 V 14.33~15.83 Hz 0.202 mW 

2nd beam 22.42 V 13.50~15.93 Hz 0.508 mW 

 

DPB 
1st beam 7.88 V 16.79~17.33 Hz 0.062 mW 

 2nd beam 14.72 V 16.73~17.48 Hz 0.217 mW 

 460 

4.2.2 Validation of the parametric studies 461 

Fig 13 presents experimentally measured second-resonance voltage outputs of the 1st and 2nd beams of 462 

the DPBLM-VEH for 𝛼 = [0.4, 0.6, 0.8] in 7~19 Hz, respectively. The results show that for both the beams, 463 

the resonance moves to the lower frequency band when 𝛼 increases, and the resonance peak voltage output 464 

for the position 𝛼 = 0.6 reaches the maximum. This variation trend agrees well with the numerically 465 

predicted variation trend in Fig 5. Fig 14 presents the experimentally measured voltage outputs of the 1st 466 

and 2nd beams of the DPBLM-VEH corresponding to 𝜇𝑎 =[1.01, 1.40, 1.98] in 7~19 Hz, respectively. It 467 

can be found that for both the beams, increasing the lever mass ratio can improve the energy harvesting 468 

performance of DPBLM-VEH, and the second resonance area moves to the low frequency. Thus, the 469 

experimental results validate the numerical results presented in Fig 6, which indicates that a larger  𝜇𝑎 is 470 

favorable for energy harvesting performance. 471 

 472 
Fig 13 The experimentally measured second-resonance voltage outputs of  the DPBLM-VEH for 𝛼 =473 

[0.4 0.6, 0.8] and 𝜇𝑎 = 1.98  in 7~19 Hz covering the second resonance area: (a) the 1st  beam and (b) 2nd beam 474 
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 475 

Fig 14 The experimentally measured second-resonance voltage outputs of the DPBLM-VEH for 𝜇𝑎 = [1.01, 476 
1.40, 1.98] and 𝛼 = 0.6 in 7~19 Hz covering the second resonance area: (a) the 1st beam and (b) 2nd beam 477 

5 Conclusions 478 

This study proposes a novel vibration energy harvester: dual-piezoelectric-beam vibration energy 479 

harvester with a lever and repulsive magnets (DPBLM-VEH), which uses the lever and magnet-induced 480 

nonlinearity for amplifying the electric power and broadening the effective energy harvesting bandwidth, 481 

respectively. The DPBLM-VEH is investigated through numerical simulation and experiment, and both the 482 

numerical and experimental results have a good agreement. Results show that the DPBLM-VEH exhibits 483 

two resonances, where the peak amplitude and position of the second resonance in the frequency domain 484 

can be significantly affected by both the lever and magnet-induced nonlinearity. To verify the advantages 485 

of the DPBLM-VEH, this study conducts performance comparison of the DPBLM-VEH, the dual-486 

piezoelectric-beam vibration energy harvester (DPB-VEH) and the dual-piezoelectric-beam vibration 487 

energy harvester with only a lever (DPBL-VEH). It is found that the DPBLM-VEH can not only 488 

significantly enhance the second-resonance peak power due to the advantage of the lever, but also broaden 489 

the effective energy harvesting bandwidth due to the magnet-induced nonlinearity. Therefore, the DPBLM-490 

VEH significantly outperforms the other two counterparts. The parametric studies suggest that it is 491 

beneficial to energy harvesting performance of the DPBLM-VEH by arranging the lever supporting mass 492 

near the middle position between the lever pivot and connecting bar, and selecting an appropriately large 493 

lever supporting mass. In addition, the study also reveals a trade-off of the overall performance between 494 

the 1st and 2nd beams in terms of the tip mass ratio of both the beams, and uncovers that there exists an 495 

optimal value of the resistor leading to the highest output power of the second resonance area of the 496 

DPBLM-VEH. 497 
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